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A minimal perfect hash function (or MPHF) maps a set of n keys to [n] := {1,...,n} without collisions.
Such functions find widespread application, e.g., in bioinformatics and databases. In this article, we revisit
PTHash—a construction technique particularly designed for fast queries. PTHash distributes the input keys
into small buckets and, for each bucket, it searches for a hash function seed that places its keys in the output
domain without collisions. The collection of all seeds is then stored in a compressed way. Since the first buckets
are easier to place, buckets are considered in non-increasing order of size. Additionally, PTHash heuristically
produces an imbalanced distribution of bucket sizes by distributing 60% of the keys into 30% of the buckets.

Our main contribution is to characterize, up to lower-order terms, an optimal choice for the expected bucket
sizes, improving construction throughput for space efficient configurations both in theory and practice. Further
contributions include a new encoding scheme for seeds that works across partitions of the data structure and
a GPU parallelization.

We call our technique PHOBIC—Perfect Hashing with Optimized Bucket sizes and Interleaved Coding.
Compared to PTHash, PHOBIC is 0.17 bits/key more space-efficient for same query time and construction
throughput. For a configuration with fast queries, our GPU implementation can construct an MPHF at
2.17bits/key in 28 ns/key, which can be queried in 37 ns on the CPU.
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1 Introduction

A hash function maps a set S of n keys to a range of integers [m] := {1,..., m}, regardless of whether
multiple keys collide on the same output. A Perfect Hash Function (PHF) on S is a mapping
without collisions. This requires m > n. The function does not necessarily have to store the keys
explicitly. It only has to store enough information to prevent collisions, which are more likely when
m is close to n. In the extreme case of m = n, the mapping is called a Minimal PHF (MPHF).
For simplicity, we only consider the minimal case in this article. However, our contributions
are applicable to the non-minimal case as well. PHFs find widespread practical application, e.g.,
in compressed full-text indexes [3], computer networks [34], databases [9], prefix-search data
structures [1], language models [43], bioinformatics [13, 39], and Bloom filters [8]. The three main
performance parameters of an MPHF are low space consumption, fast construction, and fast queries.
Concerning space, the lower bound is log, e = 1.44 bits/key [36]. Practically viable approaches can
achieve =~ 1.45 bits/key [29]. This article is concerned with a technique that is focused on achieving
fast queries. For example, this is very important when using perfect hashing to implement a static
hash table that is both space-efficient and allows fast search.

Perfect Hashing Through Bucket Placement. To achieve fast query time, we ideally only have to
retrieve a single value from memory and directly obtain the result of the query by combining this
value and the key. Perfect hashing through bucket placement is an MPHF technique that can at least
get close to this ideal. During construction, it takes the n keys and hashes them to small buckets.
The algorithm places the buckets one after another by searching for a seed of a hash function that
maps the keys to the output domain [n]. A seed is accepted if none of the keys in the bucket collide
with another key of a previously placed bucket. The resulting list of unbounded seed values is
stored with various compression techniques, resulting in tradeoffs between space consumption and
query speed. We illustrate this in Figure 1. The first buckets are easier to place because the output
domain is less full. It is therefore intuitively clear that the algorithm inserts the buckets in order
of non-increasing size. A contribution of this article is to show that this bucket order is in fact
optimal. A degree of freedom is that the algorithm can decide on the expected size of each bucket.
While CHD [2] uses buckets of constant expected size, FCH [15] and PTHash [41, 42] set aside 30%
of “heavy” buckets that receive 60% of the keys in expectation, while 70% of “light” buckets receive
only 40% of the keys in expectation. The imbalance in expected bucket sizes improves construction
speed by further decreasing the size of the last, hardest to place, buckets.

PHOBIC. This article aims at improving the space efficiency and construction speed of PTHash,
while maintaining its fast query speed. PHOBIC first splits the input set into P := [n/p] disjoint
partitions of equal expected size p using a pseudo-random hash function. We construct an MPHF
within each partition. The various MPHFs are then logically “concatenated” into a single MPHF
taking the prefix sum of the partition sizes. Partitioning has also been applied on PTHash in
PTHash-HEM [42]. Like in PTHash-HEM, we use perfect hashing through bucket placement to
construct the MPHF of each partition. In contrast to PTHash-HEM, PHOBIC uses smaller partitions
(p = 2,500) and each partition uses the same number B : = [p/A] of buckets. To assign the keys
to buckets, we first hash them uniformly into the range h € [0, 1]. Each key is then assigned to
bucket [By(h)], where y : [0,1] — [0, 1] may be any function for now. We refer to y as a bucket
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Fig. 1. Example for perfect hashing through bucket placement. The keys are assigned to buckets. The buckets
are placed in order of non-increasing size. A bucket i is placed by finding a seed s; of a hash function such
that there are no collisions with previously placed keys. The s; are stored in a compressed manner.

Algorithm 1: PHOBIC Construction and Query. Hash function hy uniformly maps into the set X.

Function construct(S, P, B, y): Function placeBucket(keys, size, free):
forallk e S for seed=1,2,3, ...
assign k to bucket [B - y(h[o17(k))] pos  {h[size) (k, seed) : k € keys}
of partition hp) (k) if |pos| = size and Vp € pos : free[p]
offsets « prefix sum of partition sizes free|p] « False for p € pos

for all partitions part return seed

size « number of keys in part

free < [True, ...] of size size Function query(key € S, P, B, y, seeds, offsets):
sort buckets in non-increasing size partition — hyp)(key)
for all bucket in part bucket — [B - y(ho1)(key))]
keys — keys of bucket offset « offsets| partition)
seed — placeBucket(keys, size, free) size «— offsets| partition + 1] — offset
seeds| part] [ bucket] «— seed seed « seeds| partition] [ bucket]
return seeds, offsets return offset + hy,izc) (key, seed)

assignment function. We give pseudocode for construction and query in Algorithm 1. Our algorithm
is implicitly parametrized by A, p and y.

Our Contributions. Our main contribution in this article is to characterize, up to lower-order
terms, an optimal bucket assignment function y, effectively taking the imbalance-trick used in
FCH and PTHash to its logical conclusion. Our assignment function results in roughly equal work
for placing each bucket. We prove that this results in minimal construction time and that any
significantly different assignment function is more expensive. Our experiments confirm this finding,
showing a speedup for space-efficient configurations. Our second contribution is to improve the
compression of seed values when using partitioning. Seeds are searched independently for each
partition, but compressed together. We exploit that the seeds of the ith bucket of each partition
follow the same statistical distribution. This makes it possible to tune a compressor for each such
index i. We store the seeds in an interleaved manner by consecutively placing the seeds for the ith
buckets from all partitions. The construction of each of the many but small partitions requires only
a tiny amount of memory. PHOBIC therefore naturally maps to the architecture of a Graphics
Processing Unit (GPU). Our final contribution is a GPU implementation to further speed up
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construction compared to the CPU. Note that this journal version extends Ref. [23] through proofs
on the optimality of bucket assignment functions, new general results on perfect hashing through
bucket placement and more detailed experiments.

Subsequent Work. Several subsequent developments build upon PHOBIC [23]. Most notably,
PtrHash [18] further improves PHOBIC’s performance through several optimizations, including (i)
using a fixed number of slots per partition, (ii) employing faster hash functions, and (iii) replacing
our optimal bucket assignment function with a polynomial approximation that further improves
query time. Subsequent work [22] also generalized our optimal bucket assignment function to
support k-perfect hashing, where each output value is shared by up to k keys rather than a single
key. Another PHF based on bucket placement is PHast [5]. See Section 2 for details about PtrHash
and PHast. Regarding applications, PHOBIC has been used to index k-mers [19, 32].

Overview. In Section 2, we discuss related PHF constructions from the literature. We then discuss
and prove general results on perfect hashing through bucket placement in Section 3. In Section 4,
we present our main contribution—an optimal bucket assignment function. In Section 5, we give
details on how partitioning can aid the construction, including a GPU implementation and more
efficient encoding of seed values. Finally, we give a detailed experimental evaluation in Section 6
and conclude the article in Section 7.

2 Related Work

Perfect hashing is an active area of research. We provide a brief overview of state of the art
approaches. For more detail, we refer to the recent survey on minimal perfect hashing [25].

Bucket Placement. The perfect hashing through bucket placement framework is described in
Section 1. Earlier techniques that are based on bucket placement are CHD [2] and FCH [15]. Those
techniques are superseded by PTHash [41].

Introduced after the submission of this article, PtrHash [18] and PHast [5] deviate from this
framework by using fixed-width seeds to allow fast queries. In PtrHash, if no seed is found, earlier
colliding buckets are evicted and a different seed is searched for those buckets similar to cuckoo
hashing. PHast uses a different idea to handle situations where no seed is found called bumping.
If none of the seeds 1, ..., 255 work, the seed is set to 0 to indicate that the keys of that bucket
are handled in a next layer. Additionally, PHast does not map keys uniformly into the entire
output domain. Instead, buckets map into overlapping slices of allowed values. Regarding bucket
assignment functions, PHast spreads the keys uniformly into the buckets because the overlapping
slices result in roughly equal success probabilities when a bucket is placed. Meanwhile, PtrHash
uses a simple polynomial, intuitively approximating our optimal bucket assignment function while
allowing better query performance.

Fingerprinting. Perfect hashing through fingerprinting [10, 30, 37] is a technique aimed at fast
construction and queries at the cost of reduced space efficiency. The idea is to map the n keys to yn
positions using a hash function, where y is a tuning parameter. A bit vector of length yn indicates
positions that received exactly one key. Keys that are involved in collisions are handled recursively
on another layer of the same data structure. A query operation descends through the recursive
layers until it finds a 1-bit, meaning that the queried key was the only key mapping to that position.
A rank operation on the bit vector for that position then gives the final MPHF value. FMPH [4],
FiPS [30], and BBHash [33] are publicly available implementations of this approach. FMPHGO [4]
extends on this idea using a small number of brute-force re-tries to reduce the number of colliding
keys. Fingerprinting based approaches are fast to construct but are outperformed in terms of space
consumption and query time by PTHash.
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Brute Force. RecSplit [14] finds a seed of a hash function that splits the keys into two sets of
equal size. This is applied recursively resulting in a splitting tree. Practically viable implemen-
tations of this idea achieve as few as 1.45bits/key but have fairly expensive queries [29]. To the
best of our knowledge, RecSplit is the only other MPHF construction technique that has a GPU
implementation [6].

Perfect Hashing Through Retrieval. In perfect hashing through retrieval, every key has a number
of candidate positions, determined by different hash functions. A retrieval data structure then stores
which of the choices should be used for each key. Note that this implies some query overhead com-
pared to PTHash. Early implementations include BPZ [7] and GOV [16]. More recent developments
are SicHash [26], ShockHash [27, 28], and MorphisHash [21].

3 General Results on Perfect Hashing through Bucket Placement

In this section, we present general results on perfect hashing through bucket placement, for now
without using any partitioning. First, we give a definition of a bucket assignment function. Then,
in Section 3.2, we show that asymptotically, the space lower bound can be reached by any bucket
assignment function. It is only useful for reducing the construction time. This paves the way
for optimizing the bucket assignment function, which we do in Section 4. In the literature, it is
assumed that in order to reduce construction time, the largest buckets should be placed first. This
is intuitively clear and used in previous papers without a proof. In Section 3.3, we formally prove
this intuition.

3.1 Bucket Assignment Functions

Let wy, ..., wg be the probability that a key hashes to bucket i for i € [B]. We may assume without
loss of generality that these probabilities are given in decreasing order. An equivalent view considers
the prefix sums 0; := w; + -+ + w;. A key with (normalized) hash value x € (0, 1] is then assigned
to bucket i if x € (0;_1, 7;].

We can conveniently represent this information using a bucket assignment functiony : [0,1] —
[0, 1] that interpolates the points {(0;,i/B) | 0 < i < B}, is increasing and smooth on (0, 1), and has
non-decreasing derivative. The bucket assigned to hash value x € (0, 1] is then [y(x) - B]. Itis a
non-trivial insight of this article that a single bucket assignment function (not depending on B and
n) can result in good construction times for many values of B and n simultaneously.

From now on, let A : = n/B be the average bucket size. We summarize some useful intuitions
about bucket assignment functions. These intuitions are valid for large n and B (when y, y ™!, and

Y’ are approximately constant on intervals of length % and %). For now, we neglect edge cases

related to y or y~! not being smooth at 0 or not being smooth at 1 (but only smooth on (0, 1)).

INTUITION 3.1. Let x € (0, 1] be a normalized hash and b = y(x) the normalized bucket index of
the bucket assigned to x. Then:

(i) The expected size of the bucket assigned to x is 1/y’(x).

(Reason: In the vicinity of x and for infinitesimal §, a §-fraction of the hash range (used by
on keys in expectation) is shared by a (y’(x) - &)-fraction of the B buckets. The quotient is
on/(y’(x)8B) = A/y’(x).)

(i) The expected size of the bucket with normalized index b is A/y’(y~1(b)) = A(y 1)’ (b).
(Follows from (i) and the inverse function rule of differential calculus.)

(iii) The expected size of a bucket is decreasing in its normalized index.
(Follows from (ii) and monotonicity of y’ andy™*.)

(iv) The expected fraction of keys with normalized hash in (0, x] is x.
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(v) If p > 0 and x, € (0,1) is such that 1/y’(x,) = p then the expected fraction of keys in
buckets of expected size at least p is X (Follows from (i), (iii) and (iv).)

3.2 Any Bucket Assignment Function Can Reach the Space Lower Bound

It is known that larger average bucket sizes A result in lower space consumption at the cost of
an increased construction time. This was previously shown in CHD [2] for the case in which all
buckets have the same expected size. However, it was previously not analyzed how the distribution
of expected sizes influences space consumption. It is a simple insight that large A already guarantees
a space consumption close to the lower bound of log, e bits per key, without any assumptions on
the distribution of expected sizes. The following Propositions 3.2 and 3.3 are restated more formally
and proven in Proposition 3.4

PrOPOSITION 3.2. Perfect hashing through bucket placement (as described in the Introduction)
requires between log, e bits per key and log, e + O (%) bits per key in expectation.

Our goal therefore only needs to be to minimize construction time. Here, we are faced with a
lower bound for our family of approaches.

PROPOSITION 3.3. Perfect hashing through bucket placement requires Q(ne’ /1) hash function
evaluations in expectation during construction (on average Q(ea) per bucket).

It is intuitively clear (and proved in Section 3.3) that buckets should be processed in order from
largest to smallest. The main remaining degree of freedom is to choose the expected sizes of the
buckets. However, previous work has addressed this optimization problem only experimentally. Our
main contribution (in Section 4) is to characterize, up to lower-order terms, an optimal distribution
of expected sizes. We achieve an expected construction time of eA1+e) per bucket. Our distribution
of expected sizes is easy-to-implement and greatly improves construction time and space efficiency
in practice when compared to the distribution of expected sizes of related work. We now restate
Propositions 3.2 and 3.3 more formally as Proposition 3.4.

PROPOSITION 3.4. Consider perfect hashing through bucket placement (as described in the Introduc-
tion) with n keys and B := n/A buckets for some 2 < A = o(n/logn). Let T be the sum of resulting
seeds values and D the number of bits when encoding the seeds using Elias-5-encoding. Then

(D) E[T] = Q(ne’/2),
(ii) E[D] = n(logy e + O (5 log ).

Note: (i) implies that the expected construction time per key of 148 for any ¢ > 0 that we
achieve in Section 4 (when ignoring buckets of size 1, see that section for details) is almost optimal.
(i) means that the space consumption of perfect hashing through bucket placement approaches the
lower bound nlog, e for large A, in the sense that it is n(log, e + 0)_,0,(1)), regardless of the bucket
assignment function that is used. The proof does not rely on the order in which the buckets are
processed. However, note that the proof relies on the clean setup of bucket placement techniques
described in the Introduction. It is incompatible with implementations like PtrHash [18] (uses
evictions) and PHast [5] (non-uniform hashing to output domain).

Proor. The first step of perfect hashing through bucket placement is to map the n keys into B
buckets. The sizes s, ..., sg of these buckets are random variables. However, this argument makes
no use of their distributions and works for arbitrary bucket sizes. We focus on the second step
where the buckets are placed one after the other using brute force. Assume the buckets are indexed
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in placement order. The ith bucket is then associated with the probability p; that randomly hashing
a set of s; keys into a table does not cause any collision assuming s; + -+ + s;_; out of n positions
are already occupied.

A useful observation is that the product of all p; is the probability that a random function of n
keys to n positions is a bijection

[Tn-T11

i=1 i=1 j=0

s5—1

1

. n B
n—Sg = —Sa1-J _ i_n i -
- H —= o equivalently 1—1[ 1/p; = )
1= =

If the ith seed value is 7; then its distribution is 7; ~ Geom(p;) implying E[7;] = 1/ p;. Hence,

=F ; il Z]E Zl/pl>B( >1/B.
i=1 .

i=1

E[T]

The last inequality uses that the sum of the side lengths of a B-dimensional cuboid with volume

V = n—' is minimized by the B-dimensional cube where all B side lengths are equal to VB,

Continuing with Stirling’s approximation yields

1/B e 1/B 4, -O/n) _ A
) B<0(Jﬁ)) = ze'n = Q(ne”/2),

where the last step used A = o(n/ log n). This proves (i).

To encode a number x € IN, Elias-6-coding requires llogz(x)J + 2 llogz(l + llogz(x)J)J +1<
log,(x)+21log,(1+log, x)+1 bits. Using that E[log, X] < log, E[ X] for any non-negative random
variable X by Jensen’s inequality allows us to bound

E[T] > B- (n'

B
E[D] = E[ Z (logy(r;) + 21log,(1 +log, 7;) + 1)]
i=1

B B
Z log, E[7;] + 2 Z log,(1 + log, E[7;]) + B

<
i=1 i=1
& 1 > 1
= ;bgzj_’i +21‘;log2<1+log2 E)+B.

This first sum can be bounded by Z log,(1/p) = log2 - < nlog, e using Stirling’s approxima-

log, )L)
A

in our stated bound. We again use Jensen’s inequality and the fact that ZIB: 1 log, 1/p; = log, Z—r: <

tion. The only thing left to prove is that the second sum is subsumed by the error term O (

nlog, e:

B
1 "
> log, (1 + log, ;> < B-log, (1 + 7 log, %)
i=1 ;
< By (1+ §logy ) = §-Iog, (1-+ Aogg ) = 0%

The last step uses A > 2. O
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3.3 Why Buckets Should be Processed in Order of Decreasing Size

In previous papers, such as CHD [2] and PTHash [41], it is implicitly assumed that in order to
reduce the number of hash function evaluations, the largest buckets should be placed first. Even
though the claim is very intuitive, the argument is surprisingly subtle. For this, we present and
prove Proposition 3.5.

PRroPOSITION 3.5. To minimize the expected number of hash function evaluations when constructing
a PHF through bucket placement, buckets should be processed in order from largest to smallest.

The challenge is to show that if a larger bucket is processed directly after a smaller bucket,
then swapping the buckets reduces expected work. To prove this plausible but non-obvious fact,
we consider a random process on a set {0, ..., k} of states for k € IN and transition probabilities
q1s--->qk € (0,1). When taking a step in state 0 < i < k, the successor state is state i + 1 with
probability g;, ; and state 0 with probability 1—g;, ;. We define w(qy, ..., qi) as the expected number
of steps needed to reach state k from state 0.

Note how this captures bucket processing costs: The expected number of hash function eval-
uations when processing a bucket of size k when { elements of the output range [n] are already

n—{ n—f-1 n—{—k+1

occupied is exactly w ( T - ) The following lemma generalizes the insight that

when processing two buckets of combined size k, then the larger should be processed first.

LEMMA 3.6. Assumel >q; > qy > ... >q. >0and1<i< g Then

WG s Qi) + Wit o> Q) < WG1s -5 G + Wi 15> G-

With the abbreviations E = (qq, ..., ), M = (gix1s > @k—i)s H = (Qk—iz1> - » Qi) We write the
claim more compactly as w(E o M) + w(H) < w(E) + w(M o H) where “°” denotes concatenation.
For illustration, assume a juggler considers a sequence E of i easy throws, a sequence H of i hard
throws, and a sequence M of k — 2i throws of moderate difficulty. Performing a sequence means
attempting all throws in sequence, starting over after the first unsuccessful throw, and repeating
until all throws succeed. Then w(R) is the expected number of throws when performing a sequence

R. It is intuitively plausible that
W(E o M) + w(H) < w(E) + w(H « M) < w(E) + w(M » H).

The first inequality means that appending M to a difficult sequence rather than the simple sequence
makes things more costly overall. The second inequality means that delaying difficult throws until
the end of a sequence increases its cost because failures tend to happen after the easier throws
have already taken place.

In the following, the Proof of Lemma 3.6 formalizes these insights. We make four observations
about the function w(qy, ..., qi), each time justifying them briefly after stating them. The first serves
as an alternative definition of w(qy, ..., gy ):

k
1
w(qp s ) = ), —— (1)
; ql o see o qk

This holds because the number of visits to state i for 1 <i < k has a geometric distribution with

parameter g; - -+ - q; and hence has expectation oy

i Gk
w(gy, ---» qk) is monotonically decreasing in all of its k parameters. (2)
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This follows from Equation (1) because each summand is non-increasing in all parameters and the
first summand is decreasing in all parameters:

if ¢j < gjyq for 1 < j <k then w(qy, ..., qx) <w(qys -, Gj—15Gjs1s Gjp Qs -+ » G- (3)

In other words, when swapping two adjacent parameters (at indices j and j + 1), then having the
larger parameter further to the left yields a larger value of w. This follows from Equation (1) because
the summand with i = j + 1 is then larger, and all other summands are the same:

w(qy, ..., gk )is maximized if the parameters appear in non-increasing order,
and any other ordering of the same set of parameters yields a smaller value. (4)
This follows by iterating Equation (3) until the parameters are sorted in non-increasing order:

1
i1k

This follows from Equation (1) by separating the sum into the summands for i > j and those for
i < j. We are now ready to proof Lemma 3.6.

forany 1 <j <k:w(qq,....q) = w(qys -+ qj) + W(Gjs1s -5 Gi)- (5)

PROOF OF LEMMA 3.6. Let |A| : = quA é Then

w(E o M)+ w(H) 2 |E o Mw(E) + w(M) + w(H)
= w(E)+ (|M| - l)w(E) +w(M) +w(H)

—~
%)
-

< w(E)+ (IM| - 1)w(H) + w(M) + w(H)
= w(E)+ |Mw(H) + w(M)

(B + w(H o M)

(4<) w(E) + w(M - H).

O

Now that we have proven Lemma 3.6, this directly implies Proposition 3.5.

ProOOF OF PROPOSITION 3.5. Assume that the sequence of bucket sizes in processing order is
$1,...,Sg and that s; < s;, ; for some 1 <i < B. We will show that by switching the order of these
two buckets, the expected number of hash function evaluations decreases. For this, let £ = ;_:11 S;
be the number of keys that are handled before the ith bucket. The work for buckets i and i + 1 is
then

N 5 eeey N 3 eeey

w (n_—t’ n—i—1 n—l’—sl-+1> tw <n—€—s,- n—t—s—1 n—f—si—si+1+1)
n n n n n )

When processing the two buckets in swapped order, the expected work becomes
w (n_—f n—t—1 n—f—si+1+1) o (n—’i—si+1 n——s;, —1 n—E—sl-—s,-H-H)
s " - .

5 5 EREEE]

n n n n

By Lemma 3.6, this is less. Note that the expected work needed for other buckets is unchanged
because their sizes and the table load when they are processed are unchanged. O

4 Optimizing Bucket Sizes

Now that we know that the bucket assignment function does not influence the space consumption
(except, possibly, in lower order terms), we can focus solely on minimizing the expected number of
hash function evaluations as a proxy for expected construction time. In Section 4.1, we identify a
bucket assignment function that is optimal in this regard and provide an intuitive explanation. This
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1 e —o— Uniform (CHD [2])
B osl 3 Skewed (PTHash [40])
3 AR —e— f. (PHOBIC)
2 06| 2
g = 2f
5 041 =
£ 2 1| 3
2 0.2 |- = \
~
0 0 &
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized Hash Normalized Bucket

(a) The bucket assignment functions map a normal- (b) The expected bucket sizes relative to the average
ized hash value x to a normalized bucket index y(x). size A are (y~!)’(b) for normalized bucket index b.

Fig. 2. Comparison of bucket assignment functions y(x) of related work and PHOBIC (y = f3,).

function is the main contribution of this article. We prove its optimality in Sections 4.2 and 4.3 and
discuss additional properties of this function in Sections 4.5 and 4.6. We remark that a subsequent
work [22] generalizes the optimal bucket assignment function for k-perfect hashing, i.e., instead of
mapping one key to one output value, k keys map to one output value.

4.1 An Optimal Bucket Assignment Function

Intuitively, we identify the following bucket assignment function to be optimal, although our
precise result stated below is more subtle:

B.(x) = x + (1 - x) - In(1 — x) with derivative f,(x) = —In(1 — x). (6)

For comparison, Figure 2(a) shows f, as well as the bucket assignment functions used by CHD and
PTHash. In Figure 2(b), we see the distribution of expected bucket sizes, which is uniform for CHD,
imbalanced for PTHash, and even more imbalanced for f,.

Recall that A = n/B is the average bucket size. By Proposition 3.3, a lower bound for the expected
work is Q(n - e*/1). We prove, firstly, that any bucket assignment function y that differs from p,
leads to expected work exceeding n - 194 for some ¢ = &(y), provided that A > Ay(e) is large
enough. Conversely, we show that a slight perturbation f, of f, leads to an expected work of

(1+¢)A

essentially at mostn -e for any € > 0, provided that A > A,(¢) is large enough. Essentially, we

can get arbitrarily close to a cost of et per key and only functions close to §, can achieve this.
Our results bound the work w, ;(y) associated with y and involve a “coupon collector term”

Weoupon» Which is the work required to place buckets of size 1.! We will define these more precisely
below. Proofs are found in Sections 4.2 and 4.3. We have reason to believe that our results generalize
for the non-minimal case of m > n, as explained in Section 4.5. Note that both theorems are phrased
such that we may assume that n is much larger than A and A is much larger than 1/¢. We give
implementation details concerning the use of 3, in Section 4.7. The following bounds hold With

High Probability (whp), i.e., with probability 1 — O(n™) for some ¢ > 0.

"The name is inspired by the famous coupon collector problem. Given an urn with n balls (or coupons), the collector
repeatedly draws a uniformly random ball from the urn and puts it back. The question is how many draws are needed in
expectation until each ball was drawn at least once. When placing buckets of size 1, we are similarly just waiting for unused
hash values to appear when drawing them one by one.
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THEOREM 4.1. Lety : [0,1] — [0, 1] be a continuous bucket assignment function that is smooth on
(0, 1) with non-decreasing derivative. If y # p, for B, from Equation (6) then

Je>0: VA2 Ay(e) : Vn2>ng(d,e) : wy(y) 2n- A1) 4y, whp.

coupon

While this leaves the relationship between y and &(y) open, our proof suggests that any ¢ <

SUPe(0,1) % — 1is a possible choice.
THEOREM 4.2. Let f,(x) := ex + (1 — €)B,(x) for some ¢ > 0 and f,. as in Equation (6). Then

Ve>0: VA2 Ay(e) : Vn2ng(de) + w1 (B) <n- AIHO@) 4oy whp.

coupon

What We Do Not Prove. Note that our analysis leaves undecided whether f, is itself a “good”
bucket assignment function, i.e., whether w, ;(,) approaches ¢! in any meaningful sense. We
suspect that it does and give empirical evidence in Section 4.4. However, the perturbation simplifies
the analysis and improves running times in practice. Our analysis also does not imply that the
particular perturbation we choose is the best choice: there may be an alternative to f,, in particular
one that depends also on A, such that the overall work approaches ¢! more quickly.

The Work Associated with a Bucket Assignment Function. To place a bucket of size s € N into
a hash table of size n that already has load factor « € [0,1 — %] we repeatedly try seeds for a
hash function mapping keys to [n], until all keys hash to free positions. The expected cost ¢,(s, @)
associated with this task under the simple uniform hashing assumption is described precisely in
Section 3.3. We have to take into account self-collisions, i.e., while checking the keys one after the
other, the load factor gradually increases and is &’ = « + % for the last key. For our purposes, the

following bounds on ¢, (s, a) suffice
Q1-a)* <) <s-(1—a’)%. (7)

This uses that (1—a)™* and (1 —a’) ™ are lower and upper bounds on the number of seeds that have
to be tried and that, to test a seed, at least 1 and at most s keys have to be considered. Now assume
that we are given a bucket assignment function y as wellasn € N, A € R, and B = n/A. By
assigning keys to buckets according to y and hash values in (0, 1], we obtain buckets. Lets; > - > sp
be their sizes in decreasing order. By Proposition 3.5 in Section 3.3, it is advantageous to process
the buckets in this order. Defining ¢; : = % Z;;ll sj the total cost is then w), ;(y) = ZIB: 1 (81> ).
Note that while this describes the expected cost when given (s;);e[p], overall wy, 3(y) is still a
random variable because the numbers (s;);c[p] are random. Assume now that there are exactly k
buckets of size 1 that are placed last (we may ignore buckets of size 0). For these buckets, the upper

and lower bounds in Equation (7) coincide, so they incur a cost of

k k
Weoupon : = Zc(l,? = Z ? =n-H.

i=1 i=1
Here, Hj, is the kth harmonic number, which satisfies H. = ©(log k). For fixed A, the expectation
of k is linear in n. Hence, if n is sufficiently large compared to A, then we have k > n? whp for
some constant d > 0, giving a cost of @(n - H,¢) = ©(nlogn). This dominates overall construction
cost if n is sufficiently large compared to A. Our theorems list this work for buckets of size 1 as a
separate term because there are techniques to mitigate the problem: The hash function may permit
to directly compute for a given key x and table position i, a seed for which x is mapped to i. This is
the case if the seed includes an additive displacement term, as is the case in our implementation
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and in FCH [15]. An alternative mitigation technique is to only construct the table up to a certain
load (e.g., 99%) and use a different technique for filling the gaps using the remaining keys [41].
Intuition: What Makes B, Uniquely Promising. For yi > 0let x,, € (0, 1) be such that 1/f(x,) = p.
By Intuition 3.1 (v), roughly an expected xu—fraction of the keys (those with hashes in [0, xp]) land
in buckets of expected size at least . Assume for now that a bucket of expected size p has actual
size p (ignoring the issue that ; may not be integer). Then, since we process buckets in order of non-
increasing size, we would process a bucket of size ;1 when the load factor is x,,. The expected cost for
this is, by Equation (7), around (1 — xy)_“. Using that f;(x) = —In(1—x) gives p = =1/ In(1 - x,,)

and hence (1 — xy)_'” =(1- xy))t/ In(1-x,) _ e, ie., a cost independent of p. The idea behind
Theorem 4.1 is that any bucket assignment function y # f, fails to balance bucket sizes in this way,
leading to significantly higher costs.

Complications the Proof Must Face. The simplification we made seems adequate for large y since a
bucket of large expected size typically has actual size close to its expectation. But consider p = 1.5

and cease to ignore rounding issues. If at load factor x,,, we would process buckets of size 1 half the
2 4
time and buckets of size 2 half the time, the resulting costs are around e3” and eEA, respectively,

which do not average out to . Luckily, things are more complicated. It turns out that for small
s € N and assuming large A, the expected number of buckets of size s is meaningfully greater than
the number of buckets of expected size in the range [s — 1, s + 1].? This means that we get more
small buckets than we seem to have called for, decreasing costs at high load factors. It seems clear
that the flipside of this beneficial effect must be a detrimental effect for larger bucket sizes that a
proof of Theorem 4.2 must quantify. When it comes to very large bucket sizes, we bail ourselves
out by using S, instead of f,: since f; is lower bounded by ¢, the expected bucket sizes are capped
at A/e. It is buckets of intermediate sizes that have to pay the price.

4.2 Other Bucket Assignment Functions Are Worse

In this section, we give the proof for Theorem 4.1. We begin with a more formal statement of what
we need from Intuition 3.1. Let i; : = n-w; be the expected size of bucket i i.e., the expected number
of keys assigned to bucket i) and again A :=n/B.

OBSERVATION 4.3. Let y : [0,1] — [0, 1] be a continuous bucket assignment function that is smooth
on (0, 1) with non-decreasing derivative, Xg € (0,1) a hash and i = [B . y(xo)] the bucket assigned to
Xo. Let 1 = A/y’(xy). Then the expected bucket sizes satisfy

— pj 2 p forall j <iand
— py < pforallj>i
Proor. Consider j < i and the range (0]-_1, oj] assigned to bucket j. Since x;, is assigned to bucket i
we have 0; < x,. By monotonicity, y(x) < y’(xp) for all x € [0;_;,0;]. Since y(0;) —y(0;_1) = 1/B
by construction we have

1 %, 9 , , A KA K
E:J y(x)deJ y(xo)dx:(aj—aj_l)-y(xo):wj‘—:;j—:—]E.
0j-1 Oj-1 H H H
Rearranging gives y; > p. The second claim is obtained analogously. O

“This is simply because there are so many buckets of larger expected size that might turn out to have size s. The effect is
similar to the effect that the fraction of patients tested positive for a rare disease often vastly exceeds the fraction of patients
with the disease, even if the false positive and false negative probability of the test coincides.
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We assume the context of Theorem 4.1. The idea of the proof is to find a small region of O(¢en)
keys where y creates larger buckets than are optimal. Those few larger buckets alone dominate the
total work in a way that they are enough to establish the lower bound.

In particular, y is a monotonic function, smooth on (0, 1) and satisfies w.Lo.g. y(0) = 5,(0) =0
and y(1) = f,.(1) = 1, because it cannot be advantageous to not utilize all buckets. We have also
assumed that y(x) > 0 for x > 0, but never defended this assumption. Let us deal with this rather
silly case now, i.e., assume y(x) = 0 for some x > 0. Then by monotonicity y(x’) = 0 for all
x" € [0, x]. The first bucket then receives at least nx keys in expectation and Q(nx) keys whp. A
simple argument shows that if n > 1/x° then the expected number of seeds that need to be tried
for the first bucket is exp(Q(nl/ 3)). This vastly exceeds the lower bound we wish to prove even for
e=1

It was therefore w.l.o.g. that we assumed y(x) > 0 for all x € (0, 1]. Since y” is non-decreasing
this implies y’(x) > 0 for all x € (0, 1).

We now use the assumption that y # f5,. Let x € (0, 1) with y(x) = f,(x). If y(x) > p.(x) then
there is some y € [x, 1) with y’(y) < fi(y) and if y(x) < f,(x) then there is some y € (0, x] with
Y’ (y) < B (). In both cases, we have 1/y’(y) > 1/;(y). Because y’ and f, are smooth on (0, 1)
we can find ¢ > 0 and z € (0, 1 — 3¢) such that

1/y'(z + 3¢) > (1 + 3¢)/ fi(2).

Let i be the bucket that y assigns to hash z + 3¢. Then all hashes in [0, z + 3¢] are assigned to
buckets with index at most i. Using a concentration bound and assuming large n, the number of
keys assigned to buckets with index less than i is at least n - (z + 2¢). By Observation 4.3, all these
buckets have expected size at least 1/y’(z + 3¢), hence expected size at least A(1 + 3¢)/f(z). Most
will have actual size at least s := A(1 + 2¢)/f.(2). Again, by a concentration bound, the number
of keys in buckets of actual size at least s is at least n- (z + ¢). In particular, at least en keys are in
buckets of size at least s that are processed when the load factor is already at least z. To get a lower
bound on the work this causes, we may assume that these en keys are in buckets of size exactly s
and processed at load factor exactly z. By Equation (7), the expected cost of each such bucket is
then lower bounded by

(1 _ Z)fs — (1 _ Z)*A(1+2€)/ﬁ_:(z) — (1 _ Z)/l(1+2€)/ In(1-z) _ 6/1(1+2£).

The last step uses that /1) = ¢ for all ¢ > 0. Multiplying this by the number en/s = @(en/ 1)
of such buckets yields a contribution of n- ©(¢e/A) - 1426 This is at least n - €179 if 1 > Ao(E)

is large enough. Since the buckets of size 1 contribute a cost of w, and are distinct from the

oupon
MHE), we obtain the lower bound of n- e+ 4 4y, as claimed.

buckets that contributed ton-e ‘coupon

4.3 A Perturbed Version of Our Bucket Assignment Function Is Good

In this section, we prove Theorem 4.2 and assume the corresponding context. In particular, we are
given € > 0, which defines a bucket assignment function f,, we assume A > Ay(¢) is large enough
and n > ny(A, ¢€) is large enough, which defines B = n/A. We begin with a few definitions and give
corresponding intuition.

Definition 4.4. Let i € [B] and s € IN. We define the following.

— & :=n-(B1(i/B)— B 1((i—1)/B)) is the expected size of the ith bucket. The stated formula
involves the length of the range of hashes that f, maps to bucket i.

— s; is the number of keys assigned to bucket i. This random variable has binomial distribution
s; ~ Bin(n, A;/n).
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—o = F 15 - L is the random fraction of keys within buckets of size at least s and
therefore the load factor after all buckets of size at least s have been processed.

—d;:=1-e ~2/5 is the deadline for bucket size s. It is the load factor up to which Equation (7)
A

guarantees that processing a bucket of size s incurs an expected cost of at most s - e”.
The key lemma of this section proves a suitably weakened variant of the claim “Vs : o, < d;;”
i.e., that buckets of size s or larger are handled before their deadline d.

LEMMA 4.5 (DEADLINE LEMMA).
(i) Foreach2 < s < AY/3. (ﬁ) e~ Od) whp.
(i) For each A'/3 <'s < 2e%) /e < ) —0(ed) whp.
1
(iii) For each 2¢°A/e < s < Zlogz%ég —: 0 < d, whp.
(iv) Foreach s > ZIOg—Zn: a, = 0 whp.

log, log,n” %

Each case is handled in a separate paragraph in Section 4.3.2. We now check that the Deadline
Lemma implies Theorem 4.2.

log, n
log, log, n
sponding event holds whp, i.e., with probability 1 — @(n"°) for some ¢ > 0) and since there are

PrOOF OF THEOREM 4.2. We apply Lemma 4.5 for each 2 < s < 2 . Since each corre-

o (lolgoi ’;n) events, they jointly hold whp by a union bound. We may assume that this is the case.

We have to bound the expected cost for handling the buckets by - A0 Weoupon- Consider

. . 1
therefore any bucket b with actual size s. By Lemma 4.5, we know s < Zbgofﬁ. If s = 1 then the
2 2
log, n

}. After all buckets of size at
log, logn

least s are handled, the load factor is . In particular, after b is handled, the load factor is at most
a,. From Equation (7) we get that the expected cost for handling b is at most s - (1 — a)*. If s falls
into case (iii) of Lemma 4.5, then we can bound this as follows:

s(1— o)™ < s(1—dy)™ = s(e™/%)™ = s

work for b is accounted for by w,

coupon- SO assume s € {2, w2

If s falls into case (i) or (ii), then we get

o )S _ FS\7TS _ A 0D _ L (1+0(e)A
s(1—a)° =s(1-dg)” <1—d) =se-e = se .

Summing this over all buckets of size at least 2, the sizes of which sum to at most n, we get an

(1+0(e)A

overall expected cost of at mostn - e , which is the main term of our bound. O

4.3.1 General Observations for the Deadline Lemma. We begin with observations that relate to
several of the cases (i), (ii), (iii), and (iv). To keep the presentation concise we will occasionally
use =, =, and < when a relation only holds whp and/or we suppress an error term that is clearly
negligible in a given context when n is chosen large enough. This notation is not meant to indicate
a gap in the proof.

We have previously encountered the random variable «;, the fraction of keys in buckets of size
at least s. This is not to be confused with the following non-random quantities.

Definition 4.6. Let u > 0 and s € IN. We define
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— X, = % i‘il A Lysu € [0, 1], the range of hashes assigned to buckets of expected size at
least p. Equivalently, the probability that a key is placed in a bucket of expected size at least p.
— X, :=1—exp (—%), the unique number satisfying 1/f/(%,) = pif p < A/e and %, = 0

otherwise.” Equivalently this is the length of the range [0, %, where 1/ B;(x) attains values
of at least p.
— &, := E[o], the expected fraction of keys in buckets of size at least s.

OBSERVATION 4.7. max;e[g] 4; < A/e.
Proor. This follows because f.(0) > ¢. See also Observation 4.3. O

We now bound the difference between fcﬂ and Xy which amounts to the number of keys in the
bucket that X, is assigned to.

A . -
| < pt hence in most contexts X, = X,,.

OBSERVATION 4.8. For any pi > 0 we have |x,, — x 0= Xy

U

Proor. Let i, be the bucket assigned to hash fcp. By Observation 4.3, the buckets of expected size
at least 41 are precisely the buckets preceding bucket i, and, possibly, bucket i, itself. Let 1’ be the
expected size of i,. If y’ > i then the entire range [0, fcﬂ] of hashes is assigned to buckets of size
at least 41, hence x, > %,,. If i’ < i then only a subset of the range [0, X, ] of hashes is assigned to
buckets of size at least 4, hence x, < fcﬂ. The difference between the two cases is y’ /n, the length
of the range assigned to bucket i,,. Since u’ < A/e by Observation. 4.7, the claim follows. g

The quantities o, and &, are probabilistically related as follows.

2
LEMMA 4.9. For any s € N:Pr[|n-a, —n- | > 6] < 2exp (*nzs(z )

Proor. We can directly apply the method of bounded differences [35]. The n hash values of keys
are independent variables that determine n - o, the number of keys in buckets of size at least s. The
expectation of n - o is n - & by definition. Changing a single hash can affect n - o, by at most +s
with “+s” corresponding to moving a key from a bucket of size less than s to a bucket of size s — 1
and “—s” to the reverse change. O

3

By choosing § = n?/3 we get

COROLLARY 4.10. Forn > ny(s) large enough we have |a, — | < n~1/3 whp, hence in most contexts
a, = o.

Proor. Apply Lemma 4.9 with § = n®/3 and assume that n > s'2. g

In the following, we use Po(u) to denote a Poisson distribution with expectation p. Two further
claims do not relate to our setting in particular.

Cramm 4.11. There exists a constant ¢, > 0 such that for any g > 3 and X ~ Po(p) we have
Pr[X < p—3] >

*To see this, recall the definition ,(x) = ex+(1—¢),(x), which gives f(x) = e—(1—¢) In(1—x). Also recall Observation 4.3
for the relevance of 1/ f;(x).
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Proor. The median med(p) of Po(y) satisfies med(y) € (u — 1, g+ 1) [11]. For large y, no single
outcome has high probability. This implies for X ~ Po(y):

Pr[X < p—3] > Pr[X < med(p) A [med(p) — X| > 4]
> Pr[X < med(p)] — Pr[|med(p) — X| < 4] =1/2— Osco(1).

In other words, Pr[X < p — 3] is bounded away from 0 for large p. For small y > 3 clearly
Pr[X < p — 3] > 0. Hence, the desired ¢, > 0 exists. O

Cram 4.12. Lete € (0,1), u > ﬁ X ~Po(p) ands = /(1 —¢). Then
Pr[X > s] < (ef(1 —¢))°.
Note that (1 — €) < 1, which follows from 1 — x < e * forx € R\ {0}.

i
Proor. Consider the sum Pr[X > s] = e /), ‘% The ratio between subsequent terms is

u/i < p/s =1 — e. Hence, we can upper bound the sum by its first term and a geometric sum as
follows:

S S
PI'[X > S] < e_:ull_ . Z(l — g)i = e_:u'u_ . l
st ¢ sl ¢
i>0
Using Stirling’s approximation for s! and using s > p > 5—; gives:

Pr[X >s] < <e

sS\2ms € s

I O :e—ofe)s(“‘—?s)ses = (- o).
S

O

4.3.2  Proof of the Deadline Lemma. We will now consider the cases of Lemma 4.5 one after the
other.
(i) Buckets of size 2 < s < 2173 We have

)

1-¢

Mst)oey

1—xsz1—fcs=exp<— and 1—xs+1z1—fcs+1=exp< T

As—e  A[(s+1)—¢

Using s < /3 we find Afs=A/(s+1) = (s+1) = Q(A/3). This implies ~— — == —— =

Q(A!/3) and for 1 large enough we have exp <—M_?€) > (1 + E) exp <—A{T> for any constant
¢ > 0. Hence,

Xy = Xgpp = X5 — Xgpp = exp G%) —exp «%)

> %exp(—%)_ 1 xp( /S>

We now bound the probability 1 — &, that a key k ends up in a bucket of size at most s — 1. Let
x ~ U([0,1]) be its hash, u € (0, A/¢) the random variable denoting the expected size of the bucket
that k ends up in, and s’ the number of other keys sharing the bucket with k. Conditioned on
i, we have s’ ~ Bin(n — 1, y/n), a distribution that is well known to be approximately Po(y). In
the following computation, we use that Pr[s” < s — 2 | p] is decreasing in y, and we use that
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Prlp € [s,s + 1)] = Pr[x € (xg4 1, % ]] = %, — %11
1—a,=Pr[s’ <s—2]>Pr[s’ <s—2Ape[ss+1)]
=Pr[s’ <s—-2|pe[s,s+1)] -Prlpelss+1)]
2 Prs”~Bin(n—1,ﬂ)[s” <s-2]- (X‘s - xs+1)

n

Claim 4.11 c=¢, As
= Pror po(ernls” <5 = 2] (= X )20 — %) 2 exp(—12).

This gives use the bound we desired, closing this case:

L-ays (1=dys exp(—f_fz)s i exp(—ﬁ) o Aeh 0D
<1—ds> N(l—ds)  exp(—4/s) B exp(—4) - - '

(ii) Buckets of size M3 <5 < 2620 /€. We remark that the assumption s < 2e21 /¢ is not required.
However, the later cases designed for s > 2¢2) /¢ prove a stronger conclusion.

We proceed in a similar way as in case (i) to bound the probability &, that a key k ends up in a
bucket b of size at least s. Let again p € (0, 1/¢) be a random variable denoting the expected size of
b and s’ the number of other keys in b. We consider two overlapping events that cover all cases
where b has size at least s. On the one hand, b might have large expected size. On the other hand, b
might have small expected size and still have actual size at least s:

b, =Pr[s’ >s—1]<Prlp>(Q—-e)sv(u<(l—e)sAs >s—1)]
<Prlpg>(—e)s]+Prfp<(1—e)s]-Pr[s’" >s—1| p<(1—¢)s]

< X(1-g)s T (1- x(l—e)s) - Pr (1—6)5)[3” >s—1]

s”~Bin(n—1,—
n

< X(1-e)s T (1- x(lfe)s) ’ Prs”~Po((17£)s)[s” >s—1]
< X(—g)s + (1= x(1_g)5) - 2((1 = £)e?)".
The last step uses Claim 4.12, conservatively accounting for a “—1” discrepancy with a factor of 2

and using that A > A4(¢) is large enough.
We now make another minor case distinction, first assuming that (1 — ¢)s < A/¢. In that case
A A/(s(1—¢))— A A
1= X(1—¢)s ® 1 = X(1_¢)s = €Xp (—%) > exp <—ﬁ) We can now turn to 1 — &, and
quotient with 1 — d,. We assume ¢ is small enough such that 1/(1 - €)? < 1+ 3¢ and that A > Ao(e)

is large enough such that 2s((1 — ¢)e)* < ¢ for all s > AL/3.
1-— 5{5 >1- X(1—¢)s — (1- x(l—g)s) -2((1 = e)e)*
= (1= x(1—p)s) (1 — 2((1 — £)e)")

1—a, 1= Xq_p)s exp (_(11/.:)2)
N B (1 —2((1 - e)ef)) > —— 27
= 10 2 1og 4 Eamadn = -

>ep (- 22) (1200 - )

(1-2((1—2)))

(1 :ZS) > exp(=3ed) (1 — 2 ((1 = £)e°)°)*

> exp(—3ed) (1 — 2s (1 — £)e°)%) > exp(—3ed) - (1 — &) > exp(—4e).

The last step again assumes that A is large enough.
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We still have to consider the case where (1 —¢)s > A/¢. By Observation 4.7, there are no buckets
of expected size (1 — ¢)s or larger, hence x(;_); = 0. This gives 1 — ¢, > 1 —2((1 - £)e®)’, meaning
the above derivation only involves the less critical term that comes out as 1 — ¢ > exp(—¢A).

(iii) Buckets of size 2¢°A /e < s < Zloghﬁ—é;n
easy. However, now that the bound on s grows with n, shortcuts involving “for n large enough” and
the associated notation = would now be suspect and have to be replaced with careful arguments.

We wish to bound &, the probability that at least s — 1 further keys join a given key in its bucket.
Any bucket has expected size at most 1/ by Observation 4.7. We can hence argue

. n— AJeNs— ne \s—1/A/e\s— ed/e\s— st
s ()L < ()L < (e s e

N

. Our use of f, rather than f, renders this case quite

where the last step used s > 2e?1/e > €®A/e + 1. Applying Lemma 4.9 with § = n-e* gives

Pr[n-a,—n-a; > n-e*] < 2exp(—2ne % /s%). For s < 2log, n/ log, log, n this probability is
negligible. In particular, we have whp

whp
o= (a,— &) +a, < e S+ <eS+e St et

In particular, o, is much smaller than the deadline d;, we can argue for instance by using that
1—e*>x/2forx €0, %] to get:

do=1—e M5 >2/(25) > 1/s > e **? W;pa
s = = = = Us-

log, n

(iv) Buckets of Size at Least s = 2 . Again, the largest expected bucket size is at most 1/¢

AJe

n

log, log, n
by Observation 4.3 and the probability that a key hashes to a specific bucket hence at most
The probability p. that the bucket has size at least s is therefore bounded by

Pss < (:)(/1_/6)3 < (E)S . (/1_/8)3 = (%)S — 23-(10g2(e/1/£)—10g2 s).

n T \s n S

log, n

Tog, log, 7 gives ps¢ = n~2to(D), By a union bound, the probability that at least one
2 2 -

Plugging ins = 2

bucket has size at least s is at most B- p5,; < n~ () Hence, whp no such bucket exists and we
have o, = 0 as claimed. |

4.4 Evaluation of Bucket Assignment Functions for Small A

Our theoretical analysis shows that a bucket assignment function can only be optimal if it converges
to f, for large A. For small A, Figure 3 compares the cost of the uniform, skewed, and f, bucket
assignment functions empirically. It shows that f, is even slightly outperformed by the skewed
bucket assignment function for A < 7 and even by the uniform bucket assignment function for
A < 3. However, across all measurements [, results in at most 24% more hash function evaluations
compared to the uniform and skewed bucket assignment functions. Figure 3 demonstrates how f,
outperforms the uniform and skewed functions for larger A. Figure 3 also shows the lower bound
established in Proposition 3.4. The number of hash function evaluations when using S, is at most a
factor of 4.6 away from the lower bound. Reasons for this discrepancy are (i) Proposition 3.4 lower
bounds the number of hash function evaluations by the number of tested seeds, but seeds do not
always fail on the first key of the bucket; (ii) the lower bound assumes that the bucket sizes can be
non-natural numbers; (iii) the lower bound assumes that the bucket sizes can be controlled exactly,
but the bucket sizes result from a random process; and (iv) f, is not optimal for small A.
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Fig. 3. Empirical comparison of different bucket assignment functions in terms of the number of hash function
evaluations per key during construction for A € [15] and n = 2,500.

4.5 Bucket Assignment for Non-Minimal PHF

Assume we wish to construct a non-minimal PHF using the “perfect hashing through bucket
placement” framework. Hence, assume the range of the hash function is [m] and n = am for
ae€(0,1).

In the previous sections, we only discussed the case ¢ = 1. There is, however, a natural way
to obtain from a bucket assignment function y for & = 1 a bucket assignment function y,, for the

non-minimal case. Namely, we can define y,(x) = ﬁy(ax), which rescales whatever y does on

its subdomain [0, a]. The idea is that, in order to fill a table to load factor 1, you first need to fill it
to load factor a, and if y is optimal overall, then it should implicitly contain an optimal strategy for
this first phase. Since y defines on [0, «] how an a-fraction of the keys is assigned to buckets of
largest expected size (presumably processed first), this is where we should look. This argument
remains heuristic because the buckets of largest expected size may not turn out to be the buckets of
largest actual size.

4.6 Cache Oblivious Optimality

A concept that was not considered in previous works is theoretical cache efficiency. If an MPHF
does not fit into cache, then some part of it resides exclusively in slow memory. A query incurs
additional overhead if it has to access information that is not cached. In the following, we outline
an upper bound for the fraction of keys that can be queried without a cache miss. We also show
that perfect hashing through bucket placement reaches this upper bound. We assume an explicitly
managed cache. It is helpful to first analyze the situation in which an MPHF technique is aware,
i.e., not oblivious, of the cache size M. To this end, we introduce the following MPHF, which is
split in two parts, one resides in cache, the other one not.

Definition 4.13. Given a set S C U with |S| = n and a cache of size M bits, a cache aware MPHF is
apair (feache * U = [N U{L} fnemory * U = [n]) such that fi,cp requires at most M bits and

fmemory(x), if fcache(x) =1
feache(x),  otherwise

flx) =
is an MPHF on S.
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Note that in particular, femory(X) may return anything for x if fo,che(x) # L or x & S. Now,

consider the keys that can be answered using the cache only. By definition those are §* := {x €
S| fiache(%) # L}. We call the ratio a := % the load factor of f,,.pe. In the following, we assume

sufficiently large U and omit corresponding lower-order terms. Let [,(«) := n((1 — a)log,(1 —
@) + alog, e) [2] be the space lower bound for a PHF with range n and an keys. Even though f_, 1.
is a PHF on S’ with range n it is conceivable that the encoding of f_, 1. undercuts [, () because
the set S’ is not fixed in advance. However, in the following we show that this additional freedom
of choosing the subset cannot result in space savings.

LEMMA 4.14. The space lower bound for f,,.p. is I,(c).

Proor. The idea is to show that we can construct a fpemory using 1,(1) — I («) bits such that
(feache> fmemory) is @ cache aware MPHF. A cache aware MPHF requires at least [,(1) bits. Hence,
feache Would contradict this lower bound if it used less than [, (@) bits. To construct Jmemory> We use
a simple brute-force approach. We search for a single seed s of a hash function such that all keys
from S\ S’ are mapped to distinct positions in [n] \ f.,che(S”). The probability that a seed results in
an MPHF is % where k = n—|5’| is the number of free positions. The space required to store the seed

ne

k
(e.g., using Golomb encoding) is log, (%) = klog, ( p ) up to lower-order terms. With k = n(1—a)
we have klog, (%) =n(1—-a)log, (ﬁ) =n(1—a)log,e—n(1—a)log,(1—a) =1,(1) — ().

O

Hence, f.,che cannot have a higher load a than what M = [ () allows. We call an MPHF
technique cache oblivious optimal if, for any «, it answers queries for an « fraction of keys using
only a cache of size M = [ (a). As an example for « = 0.5, cache oblivious optimality means

l'}(?g) ~ 15% of the MPHF’s data. For large A, perfect

hashing through bucket placement is arbitrarily close to cache oblivious optimality, if combined
with a sufficiently space efficient seed encoding (e.g., Elias-9). This is achieved by maintaining the
seeds of the largest buckets in cache. Analogously to Proposition 3.4 (ii), the space for the seeds of

that 50% of queries are answered using just

the largest buckets containing an « fraction of keys is [,() + (9(001% log A).

4.7 Details on the Bucket Assignment in Practice

Our implementation of bucket assignment functions differs from our theoretical results in two
minor ways.

Perturbation. Recall that 8, : [0,1] — [0, 1] was, modulo certain qualifications, identified as the
optimal bucket assignment function in Section 4.1. One of the qualifications was that we actually
analyze a slightly perturbed function f,(x) := ex + (1 — €)f,(x). This limits expected bucket
sizes to A/¢, which helped with bounding construction times of large buckets. Limiting the bucket
sizes is also useful in practice to reduce self-collisions inside the small partitions. According to the
birthday paradox, the probability of a self-collision is at most constant for a bucket of size O({/p).

for an expected partition size of p. Concretely, we choose ¢ = % Thus, capping the expected

bucket sizes at 5,/p (see Observation 4.7). Without this perturbation (¢ = 0), running times are
noticeably worse.

Tabulating Values. The functions f, involve expensive arithmetic operations such as a logarithm.
We achieve a significant speedup by tabulating f, for 2,048 discrete values of x and interpolating
linearly. Note that as an alternative PtrHash [18] approximates the optimal bucket assignment
function using a polynomial. This results in even better query time. PtrHash can afford this, because
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it relies on relatively small A for construction anyway and the choice of the bucket assignment
function is not as critical in that regime (see Section 4.4).

5 Fine-Grained Partitioning

In this section, we engineer the PHOBIC algorithm as presented in Algorithm 1. In particular,
we show a novel technique to efficiently store seed values and present a GPU parallelization of
PHOBIC. Our compression and parallelization both rely on a fine-grained partitioning. Any MPHF
construction can trivially be parallelized by hashing the keys into subsets of equal expected size
and building a MPHF for each subset in parallel. The various PHFs are then logically “concatenated”
into a single MPHF taking the prefix sum of the partition sizes. The respective offsets have to be
looked up when querying a key, imposing some query time overhead. Partitioning is widely used
for a variety of construction techniques. It was also used by PTHash in the PTHash-HEM variant
[42]. In this article, we use partitions of size = 2,500, i.e., several orders of magnitude smaller
than the ones used in PTHash-HEM. In itself, reducing the partition size results in only marginal
construction time improvements. However, small partitions enable a new, more efficient encoding
scheme which we introduce in Section 5.1. Additionally, they enable a fast GPU parallelization
which we describe in Section 5.2.

Encoding the Offsets of the Partitions. The offsets and sizes of the many partitions require a
non-negligible amount of space. We mitigate this without incurring too much query overhead by
storing sizes only implicitly as the difference of two subsequent offsets. Offsets are stored as the
difference to their expectation, which roughly halves the required space because the differences
are at most =~ /n. The offsets make up for about 0.007 bits per key of the total space consumption.

Hash Function. The hash function used in PTHash works by XOR-ing the hash value of the key
with the hash value of the seed. Although the technique works well on large-enough partition sizes,
it might fail for small sizes because of correlations in the hash values. Given the small partition sizes
we use here, we have to rely on a different technique. We use the seed value p to store two numbers,
namely p = s-m + d, where m is the actual partition size and d € [m] is an additive displacement.
The position of a key x is (h(x, s) +d) mod m. While searching for a seed, we calculate h(x, s) for all
keys of the bucket and then only have to increment the values to obtain the positions for the next
seeds. If no position is found within d € [m] we continue by incrementing s, re-calculating h(x, s)
and setting d = 0. At query time, we have to calculate the position of a key x using seed p. Note that
we have d = p mod m, so we can compute the position of the key x as (h(x, | p/m]) + p) mod m.

5.1 Interleaved Coding of Seeds

Once the search has finished, the seeds found for each bucket have to be stored in some compressed
manner. Ideally, the seeds should be encoded such that they require little space and are quickly
accessible during querying. We mainly use Compact and Golomb-Rice encoding as building blocks
for our new technique. Compact encoding is also used in the original PTHash implementation. In
Compact encoding, all values are stored consecutively by concatenating their binary representation.
All values use the same bit length, allowing for quick access. The bit length is chosen such that the
highest seed can be accommodated. Golomb-Rice [17, 44] encoding stores the b least significant bits
of each seed using compact encoding. The most significant bits are stored in unary representation.
A data structure [38] supporting the select operation, i.e., giving the index of the ith 1 in a bit
vector, enables access to the unary part of the seeds in constant time. We apply the formula by
Kiely [24] to choose b.

A straightforward approach would be to encode all seeds using a single encoder. However, it
is beneficial to group seeds which follow the same distribution and encode them using the same
encoder. PTHash does this only partially by using two encoders—one for the heavy buckets and
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Partition 1 @ @ @
Partition P @ @ @

Encoder 1 Encoder 2 Encoder B

Fig. 4. Interleaved coding. Encoder i stores the seed of bucket i from all partitions.

one for the light buckets (the so-called “front-back” compression [41]). Although the idea of our
optimized bucket assignment function is to give all buckets the same seed distribution, this is not
fully achievable in practice. One reason is that the actual size of each bucket is an integer, while
our bucket assignment function uses continuous probabilities. This results in discrete jumps in
the probability that a seed is found when processing one bucket after another. Therefore, it is still
useful to encode groups of different seeds with different encoders.

We now introduce our new technique. For each partition we hash to the same number of buckets
B := [p/A], based on the average partition size p and average bucket size A. The ith bucket of
a partition has the same expected size and the corresponding seed follows the same statistical
distribution as the ith bucket of any other partition. In interleaved coding we employ B encoders
and the ith encoder stores the seeds of the ith buckets of all partitions. Each encoder is tuned for its
specific seed distribution (e.g., different Rice parameters). Figure 4 illustrates interleaved coding.

It is also possible to mix different encoding techniques, similar to what PTHash does. Larger
buckets are accessed more often than smaller buckets because they contain more keys. Hence, it is
beneficial to use an encoding technique which is optimized for fast lookup time (e.g., Compact) for
the larger buckets. Conversely, the encoding for the seeds belonging to smaller buckets should be
tuned for space efficiency (e.g., Golomb-Rice).

We remark that each of the B encoders introduces some metadata overhead (e.g., for storing its
parameters). Using rather small partition sizes p decreases the number B of encoders and therefore
the constant overhead. To conclude this section, we point out that by using interleaved coding we
maintain near cache oblivious optimality (Section 4.6) despite partitioning, by caching the encoders
which correspond to the larger buckets.

5.2 GPU Parallelization

We provide a GPU implementation for even faster construction. On a GPU, each workgroup executes
independently, typically with its own subset of data. Within each workgroup, individual threads
execute concurrently. Threads within the same workgroup can share data and synchronize with
each other through mechanisms like barriers and shared memory. Thread level parallelism allows
for fine-grained parallel execution of instructions within a workgroup. However, only threads
which follow the same control path and thus execute the same instruction at the same time can
be executed in parallel. It is therefore crucial to avoid divergent control paths. As a first step, our
parallel implementation transfers the keys to the GPU, before partitioning them. Afterwards, we
sort the buckets and start the search.

Search. Our fine-grained partitioning naturally maps to the architecture of a GPU. Each partition
is processed by one workgroup. The small partition sizes enable performing the search entirely
using fast but small shared memory. Bucket by bucket, all threads of the workgroup cooperate to
quickly find the smallest working seed. A CPU implementation would usually do so using a nested
loop. The outer loop would iterate over seed values and the inner loop over keys. If a collision

ACM Trans. Algor., Vol. 22, No. 4, Article 38. Publication date: October 2026.



PHOBIC: Perfect Hashing with Optimized Bucket Sizes and Interleaved Coding 38:23

Alrorithm 2- Seed S T For One Bucker Threads Threads
orithm 2: Seed Search for One Bucke
F— x| % LS
shared sFound « oo
shared sNext < threadCount x ad x X
seed « threadld ° X X%
keyIndex < 0 E %X
while sFound = oo do b 4 > 4P 4 b 4 b 4 b 4
isCollision < corL(seed, keyIndex) %% Y
keyIndex < keyIndex + 1
if isCollision then x x|V
keyIndex < 0 Fig. 5. Seed search for a single bucket. Each yellow box
seed < ATOMADD(sNext, 1) represents one seed. Cells are one key tested for one
else if keyIndex = bucketSize then seed. Collisions are indicated by ¥. Left: Synchronized

sFound < AToMMIN(sFound, seed) ~ nested loop. Right: Algorithm 2, where we continue
with the first key and the next seed after a collision.

occurs, it would immediately leave the inner loop and continue with the first key and the next
seed. However, on a GPU, leaving the inner loop would result in divergence because threads might
encounter a collision after a different number of keys. This is illustrated in the left of Figure 5.

Instead, we use the technique described in [45] to emulate the behavior of the nested loop using a
single loop to reduce divergence. Hence, our GPU implementation parallelizes over partitions, seeds,
and keys. The inner loop is emulated by incrementing the key index in each iteration. If a collision
occurs, we reset the key index and emulate the behavior of the outer loop by atomically incrementing
a seed counter which is shared among all threads. If the last key did not collide, we found a working
seed. Multiple threads can find a seed in the same iteration. To reduce entropy, we use an atomic
minimum to identify the smallest of those seeds. Note that this finds the smallest working seed
overall because all threads finding a working seed must have processed each key. Therefore, if
there was a smaller working seed, it would have been found in an earlier loop iteration. We give
pseudocode in Algorithm 2 and illustrate the behavior on the right in Figure 5. During search, we
only access shared memory and perform fast arithmetic operations. Specific optimizations for our
additive displacement hash function are not shown here.

6 Experiments

In Section 6.1, we gradually integrate our improvements to show the individual effects. Then, we
compare our GPU and CPU implementation with the state of the art in Section 6.2. If not explicitly
said otherwise, we use a machine with an Intel Core i7-11700 CPU with 64 GiB of DDR4 RAM
running Ubuntu 22.04.1. Each core has 48 KiB L1 and 512 KiB L2 data cache. As a GPU, we use an
Nvidia RTX 3090 and use Vulkan 1.3.236 to interface with it. We compile using GCC 11.4.0 and
compiler options -march=native and -03. All benchmarks use random strings of random length
between 10 and 50 characters as input, which is adopted from previous work [6, 26-28]. Note that
almost all competitors first generate master hash codes of the input. This makes the construction
largely independent of the input distribution. We measure the query time by querying each key
once in random order. All experiments use n = 100 million keys, A = 8, an average partition size of
p = 2,500 and a single thread if not stated otherwise. Our source code is public under the General
Public License [20, 31, 40].
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Fig. 6. Ablation study of PHOBIC showing the construction time and space tradeoffs when varying A. In
the following mono-R refers to the encoding where all seeds are stored in a single Rice encoder and IC-R
refers to interleaved Rice coding. Beginning with PTHash (Elias-Fano, skewed bucketing), we add fine-grained
partitioning (mono-R, skewed) with additive displacement hashing. We then add interleaved coding (IC-R,
skewed) and optimized bucketing (mono-R, OB) individually. Putting it all together, we arrive at PHOBIC.

6.1 From PTHash to PHOBIC

We now gradually introduce our improvements to PTHash. As basic improvements, we replace the
initial hash function with xxHash [12] and implement faster parallel partitioning. In all experiments,
PTHash contains these changes as well to focus on our algorithmic improvements. Figure 6 gives
measurements for the different improvement steps and shows them in different combinations.

Interleaved Coding. Partitioning of PTHash is already used in PTHash-HEM for parallelization
[42]. PTHash-HEM uses partitions of size = 10°. Smaller partitions only lead to minor construction
time improvements due to cache friendliness. However, smaller partition sizes shine when used
with our newly introduced interleaved coding (Section 5.1). Interleaved coding uses p/A encoders,
where p is the expected partition size. Using a smaller partition size, results in less encoders and can
therefore significantly reduce constant space overheads, as we show in Figure 8. However, for small
partition sizes, the space for storing the partition offsets becomes dominant. Figure 6 compares
the technique of placing all seeds into a single Rice encoder (orange curve) to placing the keys
using interleaved Rice coding (black). Interleaved coding consistently improves space efficiency by
0.06 bits/key. Figure 7 compares different combinations of encoders, which were partially used in
the original implementation. Interleaved coding allows for mixing of different encoding techniques.
If we use this to encode the keys using different numbers of Compact and Rice encoders, we can
cover the entire query time to space tradeoff in our configuration. Note that the construction
performance is similar for all approaches because the encoding is fast compared to the remaining
construction.

Optimized Bucket Assignment. In Figure 6, we also show how using the optimized bucket function
affects construction speed and space. Our optimization of the bucket assignment function is
particularly helpful to construct very space efficient configurations. For the same construction
time, the optimized function is up to 0.14 bits/key more space efficient compared to the original
PTHash bucket assignment.
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Fano, Dictionary, Compact, and Rice encoders. Points on the average partition size p using interleaved Rice
prefixed “mono” place all seeds into a single encoder coding. Smaller partition sizes increase the overhead
and those prefixed “IC” use interleaved coding. The caused by storing the offset of each partition. Larger
curve shows different mixtures (see Section 5) of Com- partition sizes increase the number of encoders. Each
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Fig. 9. GPU performance for different input sizes (left) and A (right).

Further Remarks. With interleaved coding, an additional improvement stems from the secondary
bucket ordering. While buckets are primarily sorted by non-increasing actual size, a secondary
ordering by increasing expected size reduces the space consumption by 0.044bits per key compared
to ordering by decreasing expected size (A = 8). The reason for this behavior remains an open
question. However, some intuition can be gained by considering the bucket with the smallest
expected size in each partition. In interleaved coding, the seeds of these buckets are compressed
together. Suppose that the expected size of such a bucket is close to zero. In that case, the bucket is
empty most of the time, and an empty bucket is encoded using seed 0. On the rare occasions when
the bucket is non-empty, it is desirable for the probability of successfully placing the bucket to be
as high as possible. Otherwise, a low success probability would disproportionately increase the
space consumption, even for buckets whose expected size is close to zero. This effect is achieved by
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placing such buckets first among all buckets of the same size, thereby maximizing their placement
success probability.

Original PTHash achieves improvements in space usage and construction time at the expense of
query time by first constructing a non-minimal PHF and subsequently repairing the resulting “gaps.”
For details, see [41]. This technique does not yield a comparable improvement in PHOBIC. Gains in
space and construction time can be achieved with a smaller degradation in query performance by
appropriately tuning A and adjusting the encoding.

GPU Parallelization. Our final contribution is a GPU implementation to speed up construction.
Our implementation parallelizes over partitions, seeds, and keys. The GPU implementation is
mainly useful for large average bucket sizes A. This is well illustrated in Figure 9(b): For smaller
values of A, the construction time is dominated by the time to transfer the input data to the GPU.
We also compare CPU and GPU construction speed for different input sizes in Figure 9(a). The GPU
requires a large number of input keys and thus a large number of partitions before its computing
resources are fully utilized. Overall, the GPU outperforms the CPU for a sufficiently large A and n.
We use the GPU only to accelerate construction, while measuring all queries on the CPU.

6.2 Comparison to Other Methods

We compare our new approach to several other methods from the literature. First and foremost, we
compare against the original PTHash [41, 42] implementation. The comparison also includes the
fingerprinting approaches FiPS [30], BBHash [33], FMPH [4], and FMPHGO [4]. We also compare
against RecSplit [14] and approaches based on it, such as SIMDRecSplit [6], ShockHash-RS [27],
and bipartite ShockHash-RS [28]. Finally, we also compare against CHD [2] and SicHash [26]. Note
that PtrHash [18] and PHast [5] are not included because they were published after the submission
of this article.

Each method has a wide range of configurations that provide a tradeoff between space, construc-
tion time, and query time. To give an initial overview, we show a Pareto front for each method in
Figure 10. A configuration is on the Pareto front if no other configuration of the same method is
simultaneously faster and more space efficient. For this plot, we use a single thread (a multithreaded
measurement would mainly show what method implemented the partitioning step most efficiently
instead of focusing on the algorithmic aspects). The figure shows that PTHash and PHOBIC are
clear winners in terms of query performance. Even though BBHash [33] and FMPH [4] are also
focused on fast queries, they are significantly slower than PTHash and PHOBIC. Figure 6 shows
that PHOBIC consistently saves about 0.17 bits/key for a large range of different construction times
while maintaining the good query speed. We remark that this is a significant reduction in space
considering the proximity to the space lower bound. The competitors achieving even lower space
consumption i.e., RecSplit [14], SIMDRecSplit [6], ShockHash-RS [27], and bipartite ShockHash-RS
[28]) all have a rather slow query performance. However, somewhat surprisingly, SIMDRecSplit
has the fastest construction even for less space efficient configurations. SicHash [26] takes a middle
ground with faster construction than PHOBIC and query performance between PHOBIC and the
RecSplit variants.

Table 1 gives a selection of configuration parameters for direct comparison, mostly taken from
the corresponding papers. Comparing configurations with the same space consumption, PHOBIC
is significantly faster to construct than the original PTHash implementation. Comparing configu-
rations that both need 1.86 bits/key and have a similar query time, PHOBIC can be constructed 83
times faster than PTHash.

Table 2 illustrates the results of the same experiment but using a machine with more cores.
This machine is equipped with an AMD EPYC Rome 7702 P processor with 64 cores (with hyper-
threading) and a clock frequency of 2.0 GHz. While this machine does not have a GPU, it shows
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BBHash [32] Bip. ShockHash-RS [28] —«— CHD [2] —#— FMPH [4]
—6— FMPHGO [4] &~ FiPS [30] —o— PTHash [40] —E— RecSplit [14]
—+— SIMDRecSplit [6] ShockHash-RS [27] —o— SicHash [26] —&— PHOBIC
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Fig. 10. Construction throughput (top) and query throughput (bottom) for various methods on 100 million
keys and using a single processing thread.

how well PHOBIC scales with a large number of threads. We also note that the query times are
higher compared to those measured with the machine used for Table 1 because of the different
single-thread performance and memory latency.

6.3 GPU Comparison

On the GPU, we compare against the only available GPU construction, RecSplit-GPU [6]. Figure 11
shows the construction throughput of PHOBIC and RecSplit on the GPU, by varying the number
of bits/key. Basically, we achieve the same peak construction throughput as RecSplit-GPU for the
less space-efficient configurations. The queries of both approaches are done on the CPU, so the
fact that PHOBIC offers much faster queries applies here as well (see Figure 10). Comparing the
multithreaded CPU implementation and the GPU implementation of PHOBIC, we get a construction
speedup of 62 for A = 9 with interleaved Rice coding. Note that with A = 9, the GPU still spends a
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Table 1. Performance of Various Methods on 100 Million Keys

Method Space Query Construction (ns/key)
(bits’key) (ns/query) 1Thread 8 Threads Speedup
Bip. SH-RS, n = 64, b = 2,000 1.52 160 5,756 1,218 4.7
CHD,A=3 2.27 222 352 - -
CHD,A=5 2.07 207 2,206 - -
FMPH, y = 2.0 3.40 100 69 17 4.0
FMPH,y =1.0 2.80 134 99 24 4.0
SIMDRecSplit, n = 8, b = 100 1.81 124 109 20 5.2
SIMDRecSplit, n = 14, b = 2,000 1.58 143 11,062 2,360 4.7
SicHash, a = 0.9, p; =21, p, =78 241 72 129 25 5.0
SicHash, a = 0.97, p; = 45, p, = 31 2.08 64 179 32 5.6
PTHash, A = 4.0, « = 0.99, C-C 3.19 35 314 143 2.2
PTHash, A = 5.0, & = 0.99, EF 2.11 54 525 252 2.1
PTHash, A = 10.5, a = 0.99, EF 1.86 49 82,721 35,048 2.4
PTHash-HEM, A = 4.0, @ = 0.99, C-C 3.19 39 299 45 6.6
PTHash-HEM, A = 5.0, « = 0.99, EF 2.11 58 582 86 6.7
PHOBIC, A =3.9, a = 1.0, IC-C 3.18 40 197 32 6.2
PHOBIC, A = 4.5, = 1.0, IC-R 2.11 57 254 40 6.2
PHOBIC, A = 6.5, « = 1.0, IC-R 1.85 52 992 176 5.6
PHOBIC, A = 9.0, « = 1.0, IC-R 1.74 50 9,171 1,781 5.1
GPU+8 CPU Threads
PHOBIC-GPU, 4 = 9.0, IC-C 2.17 37 28
PHOBIC-GPU, 4 = 9.0, IC-R 1.76 52 27
PHOBIC-GPU, A = 13.0, IC-R 1.68 50 560
PHOBIC-GPU, A = 14.0, IC-R 1.67 49 1,470
RecSplit-GPU, £ = 8, b = 100 1.81 126 24
RecSplit-GPU, ¢ = 14, b = 2,000 1.58 147 80
RecSplit-GPU, ¢ = 18, b = 2,000 1.55 135 1,732

lot of its construction time on transferring the input data (see Figure 9(b)), but much larger values
of A are not feasible on the CPU.

Directly comparing the performance of CPU and GPU is always difficult because of the different
hardware architectures. Given that the power consumption is a major cost factor in production
environments, we measure it using a Voltcraft Energy Check 3000 wattmeter. For CPU-only and idle
measurements, we dismount the GPU. The machine requires about 405 W during the search step of
the GPU version and 195 W for the multithreaded CPU implementation. Thus, the above speedup
of 62 translates to 30 times lower energy consumption for constructing an MPHF on the GPU. Even
when first subtracting the machine’s idle power consumption of 47 W, the GPU construction still
has 26 times lower energy consumption. Single-threaded CPU construction requires 74 W, which
is less energy efficient compared to multithreading.
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Table 2. Performance of Various Methods on 100 Million Keys on a Machine with 64 Cores

Method Space Query Construction (ns/key)
(bits/key) (ns/query) 1 Thread 64 Threads Speedup
Bip. SH-RS, n = 64, b = 2,000 1.52 425 9,365 356 26.3
CHD,A=3 2.27 357 756 - -
CHD,A=5 2.07 320 5,483 - -
FMPH, y = 2.0 3.40 216 126 9 12.9
FMPH, y = 1.0 2.80 269 190 15 12.1
SIMDRecSplit, n = 8, b = 100 1.81 315 303 13 22.1
SIMDRecSplit, n = 14, b = 2,000 1.59 368 40,168 763 52.6
SicHash, @ = 0.9, p; =21, p, =78 241 159 191 7 24.1
SicHash, a = 0.97, p; = 45, p, = 31 2.08 143 260 17 15.1
PTHash, A = 4.0, « = 0.99, C-C 3.19 79 504 304 1.7
PTHash, A = 5.0, « = 0.99, EF 2.11 160 1,016 307 3.3
PTHash, A = 10.5, « = 0.99, EF 1.86 150 139,184 10,312 13.5
PTHash-HEM, A = 4.0, « = 0.99, C-C 3.19 88 489 9 49.1
PTHash-HEM, A = 5.0, « = 0.99, EF 2.11 166 930 13 66.9
PHOBIC, A = 3.9, 2 = 1.0, IC-C 3.18 94 299 9 313
PHOBIC, A = 4.5, « = 1.0, IC-R 2.11 240 369 11 33.5
PHOBIC, A = 6.5, @ = 1.0, IC-R 1.85 217 1,341 29 46.0
PHOBIC, A = 9.0, @ = 1.0, IC-R 1.74 205 12,138 251 48.3
80 -
é 60 |-
%’ —e— PHOBIC-GPU
= 40 |- —2— RecSplit-GPU
2
=]
2 20|
o
£
=
0 -
1.6 1.8 2 2.2
Space (bits/key)

Fig. 11. Comparison between the GPU implementations of PTHash and RecSplit, for 100 million keys. The
time is measured for the entire construction, including data transfers to/from the GPU.

7 Conclusion and Future Work

This article gives several results for techniques based on bucket placement: (i) we theoretically
confirm the long-standing practice of placing buckets from largest to smallest, (ii) give a lower
bound on the time complexity, (iii) an upper bound on the space complexity, and (iv) a bucket
assignment function that is asymptotically optimal up to lower-order terms. Intuitively, our bucket
assignment function results in roughly equal work for placing each bucket. In practice, it improves
space efficiency by up to 0.14bits/key compared to PTHash. Additionally, interleaved coding
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allows PHOBIC to use optimal compression tuning parameters for all seeds, additionally saving
up to 0.06 bits/key. In total, PHOBIC is consistently about 0.17 bits/key more space efficient than
PTHash when compared for similar construction and query speed. When compared for same space
consumption, PHOBIC is constructed up to 83 times faster than PTHash, while still having the
same query time. Finally, our GPU implementation improves the construction by a factor of up to
62 compared to the multithreaded CPU implementation.

In future work, we intend to apply ConseNsus [29] on PHOBIC. CONSENSUS is a technique that
combines the search and encoding. We are hopeful that this puts further tradeoffs between space
and time into reach.
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